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Crossed squares, crossed modules over
groupoids and cat!~?—groupoids

Sedat Temel

Abstract. The aim of this paper is to introduce the notion of cat® —groupoids
which are the groupoid version of cat®—groups and to prove the categorical
equivalence between crossed modules over groupoids and cat® —groupoids. In
section 4 we introduce the notions of crossed squares over groupoids and of
cat®—groupoids, and then we show their categories are equivalent. These
equivalences enable us to obtain more examples of groupoids.

1 Introduction

Crossed modules over groups which are defined by Whitehead in [25, 26] as
algebraic models for homotopy 2-types are equivalent to several algebraic
and combinatorial categories such as the categories of group-groupoids (or
alternatively named G-groupoids in [5] or 2-groups in [3]) and of cat!-groups
(or categorical groups) [6, 17]. A crossed module can be thought as the
case n=1 of a crossed n-cube which should be the ‘algebraic core’ of a
cat™—group (or n-cat-group) [11]. One can find some applications of crossed
modules in homotopy theory [6], homological algebra [14] and algebraic K-
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126 S. Temel

theory [16]. The equivalence between cat!-groups and crossed modules is
useful for extension of crossed modules to higher dimensions, see [17]. A
crossed square was first defined by Guin-Walery and Loday [13] in their
investigation of applications of some problems in algebraic K-theory. In [17]
it was proved that the category of cat?-groups is isomorphic to the category
of crossed squares.

For the groupoid case of crossed modules, basic references are Brown-
Higgins [7, 8] and Brown-Icen [9]. The categorical equivalence between
crossed modules over groupoids and 2-groupoids is given in [15]. Recently
normal and quotient structures in the category of crossed modules over
groupoids and of 2-groupoids were compared and the corresponding struc-
tures related 2-groupoids were characterized in [24] (see also [20]) using
the categorical equivalence between 2-groupoids and crossed modules over
groupoids. The definition of 2- and 3-crossed modules over groupoids were
introduced in [2] by extending the definition of 2- and 3-crossed modules
over groups to the notion of groupoids.

There are several but useful 2-dimensional concepts of groupoids such as
double groupoids, 2-groupoids and crossed modules of groupoids. However
there is a gap in this context and so we investigate a new 2-dimensional
version of a groupoid which we called cat!-groupoid since it is the groupoid
case of a cat-group and prove the categorical equivalence between cat!-
groupoids and crossed modules over groupoids. Morover we introduce the
notion of crossed squares over groupoids and prove that the category of
them is equivalent to the category of cat?-groupoids which are the groupoid
version of cat?-groups.

2 Preliminaries

A category C = (X, C,dp,d;,e) consists of the set of objects X, the set of
morphisms C' = U, yexC(x,y) where C(z,y) is the set of morphisms in C
from x to y as follows

a
r—=Y

with the source and the target maps dg,dy: C — X, respectively, such
that do(a) = z,d1(a) = y, the associative composition map m: C(y, z) x
C(z,y) — C(z,2), m(b,a) = boa and the unit map e: X — C sending
each object = of C to its identity morphism 1, € C(x) := C(x, z) such that
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aoly, =aand 1; 0ad = a where o/ € C(w,z). A groupoid G = (X, G) is
a category with the inversion map n: G — G, n(a) = a=! € G(y,x) such
that aoa™ =1y, a™! oa = 1,. For further details, see [4, 19]. Since all
categories in this paper are over a fixed base set, namely X, we use the
notation X for the base set of all categories and groupoids in whole of the

paper.

Example 2.1. Let X be a set and G be a group. Then G = (X, X x G x X)
is a groupoid called trivial groupoid, see [18]. Recall that do(z,g,y) =
x,di(z,9,y) = y,e(x) = (x,e,x), where e is the identity element of G and
n(z,g,y) = (y,¢g~ ', x) where the composition of morphisms is defined by
(y,9',2) o (z,9,y) = (2,99, 2).

Recall that a morphism is a functor between groupoids which is iden-
tity on the base set X, on the other hand the base preserving morphisms
are morphisms in G = (X, G). Furthermore, H = (X, H) is a (wide) sub-
groupoid of G = (X, G) if H is closed under composition and inversion.

Let G be a groupoid and N be a wide subgroupoid of G. Then N is
called normal if

gohog '€ N(y)

for all h € N, g € G such that dyo(h) = di(h) = di1(g) [4].

By a crossed module over groups we mean a pair of groups M, N with an
action e: N x M — M of N on M and a morphisms 0: M — N of groups
satisfies the conditions d(n e m) = nd(m)n~! and d(m) e m; = mmim=1,
for m,m; € M and n € N [25, 26]. The well-known equivalence between
crossed modules over groups and 2-groups (or group-groupoids) was proved
by Brown and Spencer [5].

Let G be a group. We recall that from [17] and [6] a cat!-group is a
triple (G, s,t) with group homomorphisms s,t: G — G satisfying following
conditions

[CG 1] st =t and ts = s,
[CG 2] [Kerss,Kert] = 1.
The following theorem is proved in [6]:

Theorem 2.2. The categories of crossed modules over groups and of cat!-
groups are equivalent.
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Remark that this theorem is widely extended for some other algebraic
categories and also was proved for semi-abelian categories, but they don’t
cover our work properly.

A crossed square as defined in [10] (see also [23]) is a commutative
diagram of groups

L—2 oM
N P

together with four morphisms \, \', u, v of groups, actions of the group P
on L, M, N (and hence actions of M on L and N via p and of N on L and
M via v) and a function h: M x N — L satisfy the following axioms

[CS 1] A, X preserves the actions of P and p, v and kK = uA = v\ are
crossed modules of groups,

[CS 2] Ah(m,n) =m(nem™1t), Nh(m,n)= (men)n~1,
[CS 3] h(A(1),n) =1(nel™Y), him,N(l)) = (mel)l !,
[CS 4] h(mm/,n) = (m e h(m',n))h(m,n),

h(m,nn’) = h(m,n)(n e h(m,n’)),
[CS 5] h(pem,pen)=peh(m,n),

foralll € L, m,m' € M, n,n’ € N and p € P.

We will give the definition of a cat2-group (or 2-cat-group) from [17] in
terms of our notation. A cat2-group is a 5-tuple (G, s1,t1, s2,t2) where G
is a group with four homomorphisms s1,t1, s2,t2: G — G such that

[C2G 1] s;t; =t; and t;8; = sy,
[C2G 2] s;s5 = sjs84, tit; = tjt; and s;tj = t;s;,
[C2G 3] [Kers;,Kert;] =1,
for i,j € {1,2}, ¢ # j. The following theorem was proved in [17].

Theorem 2.3. The category of cat?-groups is isomorphic to the category
of crossed squares.
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3 Crossed modules over groupoids and cat!-groupoids

In this section we define cat!-groupoids by extending the definition of cat!-
groups to the notion of groupoids and give some examples using cat!-
groups. Then we prove that there is a categorical equivalence between
catl-groupoids and crossed modules over groupoids.

Definition 3.1. Let § = (X,G) be a groupoid, o,7: G — G be functors
which are identities on objects. A cat!-groupoidis a triple (G, o, 7) satisfying

[C1Gd 1] o7 =7 and 70 = 0,

[C1Gd 2] hokoh tok™ =edy(h) , for all h € Ker(c), k € Ker(r) where
do(h) = do(k).

Here Ker(o) = {g € Glo(g) = edo(g)} and Ker(r) = {g € G|7(g9) =
edo(g)} are wide subgroupoids of G on the base set X. Also these sub-
groupoids are totally disconnected groupoids. Now, since Ker(c) is a sub-
groupoid, we have also

[C1Gd 2]  hohjoh tohy! =edy(h)
for h,hy € Ker(o).

Example 3.2. Since every group is a groupoid with a unique object, every
catl-group can be regarded as a cat!-groupoid with a single object.

Example 3.3. Let (G, s,t) be a cat!-group, X be a set and G = (X, X x
G x X) be the trivial groupoid. Then (G,o,7) is a cat!-groupoid where
o(z,9,y) = (z,s(9),y) and 7(z,9,y) = (x,t(g),y).
Proposition 3.4. Given any cat'-groupoid (G,o,7), we have

(i) o(G) =7(G),

(ii) o and T are identities on o(G) and 7(G),

(iii) 02 =0 and 72 = 7.
Definition 3.5. A morphism f: (G,0,7) — (G',0’,7'") of cat!-groupoids is
a commutative diagram of groupoids

G—=6

i

1% o A1
G ==
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Therefore we construct the category CAT!'-GPD of cat!-groupoids.

We recall the definition of crossed modules over groupoids as given in [9].
Let G = (X,G) and H = (X, H) be groupoids over the same object set X
such that H is totally disconnected. A crossed module K = (H,G,d) over
groupoids consists of a morphism 9: ‘H — G of groupoids which is identity
on objects together with a partial action e: G x H — H of groupoids
satisfying

[CMG 1] d(geh) =god(h)og™t,
[CMG 2] O(h) ®hy =hohjoh™!, for h,hy € H(x) and g € G(z,y).

It is a fair remark that if (#,G,0) is a crossed module over groupoids,
then Im(0) is a normal subgroupoid and also Ker(9) lies in the center of G,
where the center of G is a wide subgroupoid in which the morphisms are

{9€G:goh=hog,do(g) =di(g) = do(h) = di(h)}.

Let K = (H,G,0) and K' = (H',G’, 9') be crossed modules over groupoids.
A morphism A = (A2, A1, \o): K — K’ is called a morphism of crossed mod-
ules over groupoids if (Ao, A1): H — H' and (Ao, A2): G — G’ are morphisms
of groupoids such that A\od = 9'A\1 and A\1(g @ h) = Aa(g) ' A1 (h). Hence
the category of crossed modules over groupoids can be defined which we
denoted by CMG.

Theorem 3.6. The category of cat'-groupoids is equivalent to the category
of crossed modules over groupoids.

Proof. A functor ¢: CMG — CAT!-GPD is an equivalence of categories. If
(A, B,0) is a crossed module over groupoids, then ¥(A, B,d) = (G,0, 1) is
a catl-groupoid over the same object set where the set of morphisms of
G is defined by B x A = {(b,a)|b € B,a € A,di(b) = do(a) = di(a)},
o(b,a) = (b,edp(a)) and 7(b,a) = (0(a) o b,edy(a)). Here, if z *b>y and
y —%>17 are morphisms of B and A, respectively, then (b, a) is a morphism

of G as follows

(b,a)
T —>19.
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where the structure maps are defined by do(b, a) = do(b), d1(b,a) = d1(a),e(x) =
(1z,1.), n(b,a) = (b=, b~ @a~!) and the composition of morphisms is de-
fined by

(bl, (11) e} (b, (l) = (bl @) b, ay © (bl [ ] CL))

b1 al
when y——2——> 2.

Now we define a functor v: CAT!'-GPD — CMG as a weak inverse of
. Given a cat!-groupoid (G, o, 7), then v(G,0,7) = (Ker(c),0(G),7) is a
crossed module over groupoids where an action of o(G) on Ker(o) is defined
by geh=gohog ! forall g € o(G),hc Ker(o).

[CMG 1] Since g € o(G), by Proposition 3.4 we get 7(g) = g and so

T(geh)=T(gohog ) =1(g)or(h)or(g™) =gor(h)og™

[CMG 2] 7(h) @ hy = 7(h)ohyoT(h)™t =7(h)ohyor(h ) ohoh™!
Since 7(h~!) o h € Ker(7) and hy € Ker(c), they commute, and so

r(h)ehy =7(h)or(h"Y)ohohioh ™ =hohjoh
A natural equivalence S: 1¢, 1 _gpp — ¥ is defined via a mapping
Sg(G,0,7) = ((X,0(G) x Ker(c)),o',7")
which is defined such that to be identity on objects and
Sg(g) = (o(9),900(g7"))

for g € G where 0'(g,h) = (g,edo(h)), 7'(g,h) = (T(h)og,edo(h)). We will
verify that Sg preserves composition.

Sg(g109) = (0(g109), gregoa(gr 0 g) ") = (o(g1)oa(g), grogea (g~ )oa (g )

Sa(g) 0 Sg(g) = (o). g100(g7") o (o(9)g00(s™))

= (olg)oalg)gr00(si) o (olgr) e (go (g ™))
(a 9)sgroo(grt)o 0(91)0900(9‘1)00(911)>

= (olg)o ()glogocf(g Yealgr!))
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Conversely, a natural equivalence T: 10y g — 7y is defined such that
Te(b) = (bedi(h),  Te(a) = (ed(a),a),
for C = (B, A, 0). T¢ preserves compositions as follows:

Te(br)oTe(b) = (b1, 15)0(b, 1) = (byob, 1,0(b1ely)) = (b1ob,1,01,) = T¢(biob)

for x#ygz and
Te(ar)oTe(a) = (1z,a1)0(1z,a) = (1,014, a10(10a)) = (14, a10a) = Te(ajoa)
for # —%>p 25 . O

As an application of this result, we compare normal objects of cat! —groupoids
and of crossed modules over groupoids. First we recall the definitions of sub-
crossed modules and of normal crossed modules over groupoids from [24].

Definition 3.7. Let A = (X, A), B = (X, B) be groupoids, A be totally
disconnected and (A, B, d) be a crossed module over groupoids. A crossed
module (M, N, o) over groupoids is called a subcrossed module of (A, B, )
if

[SCMG 1] M = (Y, M) is a subgroupoid of A = (X, A),

[SCMG 2] N = (Y, N) is a subgroupoid of B = (X, B),

[SCMG 3] o is the restriction of 9 to M,

[SCMG 4] the action of N on M is the restriction of the action of B on A.
If X =Y then (M, N, o) is called a wide subcrossed module of (A, B, 9).

Definition 3.8. A normal subcrossed module over groupoids is a subcrossed
module (M, N, o) of (A, B,d) which satisfies

[NCMG 1] N is normal subgroupoid of B,
[NCMG 2] bem € M(y), for all b € B(x,y),m € M(x),

[NCMG 3] (nea)oa~! e M(z), for all n € N(x),a € A(z).
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From [NCMG?2] we have that d(a) em =aomoa~! € M and so M is
normal subgroupoid of A.

Now we introduce the notions of subcat! —groupoids and normal cat! —groupoids.

Definition 3.9. A subcat! —groupoid (G', o', 7') of a cat® —groupoid (G, o, 7)
is a subgroupoid G’ = (X', G’) of G = (X, G) such that o/, 7" are restriction
of 0,7 to G', respectively. We say G’ is wide if X’ = X. If G’ is normal
subgroupoid of G, then (G’,0’,7') is called normal subcat!—groupoid of

(G,0,7).
According the proof of the Theorem 3.6, we give following results.

Proposition 3.10. Let (M, N, o) be a normal subcrossed module of (A, B, 0)
over the same object set X. Then the cat'—groupoid corresponding to
(M, N, o) is a normal subcat* — groupoid of the one corresponding to (A, B, 0).

Proof. We only need to show that the groupoid (X, N x M) is a normal
subgroupoid of (X, B x A). For b € B(z,y), a € A(y), (ny,mg) € (N x
M)(z) = N(z) x M(z),

(b,a) o (ng,mg) o (bya)™t = (b ong,ao(be mx)> o(b™ b lea™)
= (bonxob_l,ao(bomm)o((bongc)o(b_loa_l)))

= (bonxob_l,ao(b°mx)0((bonx0b_1)’a_1)>

Let b e m, = my and bon, ob~! = n,. Then, from [NCMG1] n, € N(y),
from [NCMG2] m,, € M(y) and from [NCMG3] (nyea™")oa =mi € M(y).
Now we have

(b,a) o (ng, my) o (b, a)_l = (ny,a omy o (ny, e ail) oao cfl)
= (ny,aomyom;oa_1> € (N x M)(y).
O

Proposition 3.11. Let (G', o', 7') be a normal subcat* — groupoid of (G, o, T).
Then the crossed module corresponding to G' is a normal subcrossed module
of the one corresponding to G.



134 S. Temel

Proof. [NCMG 1] Clearly o(G’) is a normal subgroupoid of ¢(G).
INCMG 2] Let g € G(,y),9' € G'(z). Then geg' =gog og~t e G'(y).
[NCMG 3] Let ¢’ € 0(G')(z) and g € G(z). Then (¢’ eg)og =g ogo

—1 -1

g ©°g .
Since o(G’) is a normal subgroupoid of o(G), then gog’ tog™t € G/ (z).
Since ¢’ € G'(z), it implies that (¢’ e g) o g~! € G'(x). O

Corollary 3.12. Let (G, 0,7) be a cat* —groupoid and (A, B, d) be the crossed

module over groupoids corresponding to G. Then the category NC1GD /(G, 0, T)

of normal subcat' — groupoids of (G, o, T) is equivalent to the category NCMG /(A, B, 9)
of normal subcrossed modules of (A, B, 0).

4 Crossed squares over groupoids and cat?—groupoids

In this section first we give the definition of crossed squares over groupoids
as the groupoid case of crossed squares over groups. Then we define cat?-
groupoids and prove that the category of cat?-groupoids is equivalent to the
category of crossed squares over groupoids.

Definition 4.1. Let £, M, N, P be groupoids over the same object set X
and let £, M, N be totally disconnected groupoids. A crossed square of
groupoids is a commutative diagram

L— 2 oM

|

N

m

P

together with groupoid morphisms A, N, i, v which are identities on objects
and actions of P on £, M, N, (and therefore actions of M on £ and N via
p and of NV on £ and M via v) and a functor h: M x N' — L which is

identity on X and satisfies the following conditions

[CSG 1] A, X preserves the actions of P and (M, P, u), (N,P,v) and
(L, P, k) are crossed modules over groupoids where k = uA =
v,
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[CSG 2] A(m,n) =mo (nem™'), Nh(m,n)=(men)on=!,
[CSG 3] h(A(),n) =1lo(nel™t), h(m,N(l)) = (mel)ol™,

[CSG 4] h(mom/,n) = (meh(m',n)) o h(m,n),

h(m,non’) = h(m,n)o (neh(m,n’)),
(GSG 5] h(pem.pen) = pe h(m.n)

forall ] € L, m,m’ € M, n,n’ € N and p € P, whenever all compositions
and actions are defined.

Using the definition of normal and wide subcrossed module over groupoids
as defined in [20] and [24], we give following example.

Example 4.2. Let (N, P, d) be a crossed module over groupoids and (£, M, §)
be a normal and wide subcrossed module of (N, P, @) such that M is totally
disconnected. Then the diagram

T

P

L
N
forms a crossed square of groupoids where the action of P on L is induced

action from the action of P on A/ and the action of P on M is conjugation.
Here the morphism A is defined on morphisms by

0

PR —

7]

h(m,n) = (men)on™?

forall m € M and n € N.
Definition 4.3. A morphism f = (fr, far, fn, fp): (L, M,N,P) — (L', M N, P")

of crossed squares over groupoids consists of morphisms fr,: £ — L', fay: M —
M fn: N — N, fp: P — P’ morphisms of groupoids which are identities
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on objects and compatible with the actions and the functors h and h'.

Im

.

L——=——= [

M M
f

|

N N’

N
Then we construct the category CsG of crossed squares over groupoids.
Definition 4.4. Let G = (X, G) be a groupoid, o;,7;: G — G be functors

which are identities on objects. A cat?-groupoid (G,0;,7;) is a groupoid
satisfying

[CQGd 1] 0;T; = Ty, T30 = Oy,
(C2Gd 2] 040 = 004, TyTj = TjTi, 05Tj = T;j0%,

[C2Gd 3] h;jok; o h;l o k:;l = edy(h;), for all h; € Ker(oy),k; € Ker(r;)
i,j € {1,2} and i # j where do(h;) = do(k;).

Example 4.5. Let (G, s1,t1, 52,t2) be a cat?-group and X be a set. Using
the trivial groupoid G = (X, X x G x X) we get a cat?-groupoid (G, o, 7;)
where o;(z, g,vy) = (x,si(g9),y) and 7(x, g,y) = (z,t:(g),y), for i € {1,2}.

Proposition 4.6. Given any cat®-groupoid (G, o1,11,02,T2), we have
(i) 0i(G) = 1(G),
(ii) oy and 7; are identities on 0;(G) and 7;(G),
(iii) 0? = 0; and 77 =73, for i € {1,2}.

Definition 4.7. A morphism f: (G,01,71,092,72) — (G',0,t},05,t,) of
cat?-groupoids is a morphism of groupoids such that o}f = fo; and 7/f =
fri, for i € {1,2}.
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Then we have the category CAT?2-GPD of cat2-groupoids.

Theorem 4.8. The category of cat?-groupoids is equivalent to the category
of crossed squares over groupoids.

Proof. A functor 1: CsG — CAT?-GPD can be defined by
77/)(‘67 MaNa P) = (ga 01,71,02, 7_2)

to construct a cat?—groupoid from a crossed square (£, M, N, P) of groupoids.
First, here are semi-direct products P x M and N x L and then an action
of Px M on N x L is defined by

(p,m) e (n,l) = (pen,(me(pel))oh(m,pen))

where
Hence the set of objects of G is the same set of objects of £, M, N and P
and the set of morphisms of G is (P x M) x (N x L). If

p m n
Ty ——y —%y,

then (p,m,n,l) is a morphism of G from z to y where the structure maps
are defined by

o1(p,m,n, 1) = (p,m, 1y, 1y),
oa(p,m,n,l) = (p, Ly, m, 1y)a
71(p,m,n,1) = (v(n) o p, Al) o (v(n) e m), 1,,1,),
7o(p, m,n,1) = (p(m) o p, 1, N'(I) on, 1,).

Let y P, ™. =%, Then composite of (p, m, n,l) and (p',m’,n',1")
l/

is defined by
(¥ 0 ) o (pmm, 1) = (B m') o (pom), (1) o (') @ (n, 1))

Given a cat?—groupoid (G, o1, 71,02, T2) we obtain a crossed square of
groupoids via the functor v: CAT?-GPD — CsG, ¥(G) = (L, M,N,P) as a
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weak inverse for 1) where the sets of morphisms L = Ker(o1)NKer(og2), M =
o1(G)NKer(oz), N =Ker(o1)No2(G), P = 01(G)No2(G) and restrictions
A="Tilg, N =mnlz, u=m7|mand v = 11|n. The functor h: M x N — L

is defined by h(m,n) = momnom ™t on~l. Since 7 = ™7, we have

uX = vX. The other axioms are easily satisfied where all the actions are
defined by conjugation.

A natural equivalence S: 1,12 gpp — %7 is defined by a mapping

Sg(G,01,T1,02,T2) = (9/70'1,7{,0577£>
which is defined to be identity on objects, on morphisms is given by

Sg(g9) = (o102(9), 01(g)oc102(g7 "), 02(g)oa102(g7 "), goo1 (g )oo102(g)ooa(g "))

where

o1 (g1, h1, g2, ha) = (91, h1,edo(g2), edo(h2)),
a5(g1, h1, g2, he) = (91,edo(h1), g2, edo(h2)),
71(g1, h1, g2, ha) = (71(g2) © g1, T1(h2 0 g2) 0 hy 0 71 (g5 1), edo(g2), edo(ha)),

75(91, P1, g2, ha) = (T2(h1) 0 g1,edo(h1), T2(h2) © g2, £do(hs)).

On the other hand, a natural equivalence T': 1cg; — % is defined such
that

Tic(p) = (p,ed1(p),ed1(p), edi(p)),
Tic(m) = (edi(m), m,edy(m),edi(m)),
Tic(n) = (edi(n),edi(n),n,edi(n)),

Tic(1) = (ed1(1),edy(1),ed1(1),1)
for K= (L, M,N,P). O
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5 Conclusion

There is need to investigate existence of epimorphisms and central exten-
sions in the category of cat!—groupoids. Using the results of the paper [24],
it could be possible to develop qoutient notions of cat! —groupoids. As an
application of the equivalence given in [5, Theorem 1], the notions in one of
these categories were interpreted in the other such as actor [12], normality,
quotients [22], covering [1] and action [21]. So it would be interesting to
explore similar notions in the categories introduced in this paper.
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