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A characterization of a pomonoid S all
of its cyclic S-posets are regular
injective

Xia Zhang, Wenling Zhang, Ulrich Knauer

Abstract. This work is devoted to give a charcaterization of a pomonoid

S such that all cyclic S-posets are regular injective.

1 Introduction and Preliminaries

In this paper, S will be a pomonoid, that is, a monoid equipped with a
partial order relation < which is compatible with the semigroup multi-
plication in the sense that s < ¢ implies su < tu and us < ut for every
s,t,u € S. A poset (A, <) together with a mapping A x S — A (under
which a pair (a,s) maps to an element of A denoted by as) is called a
right S-poset, denoted by Ag (or simply A), if for any a,b € A, s,t € S,

(1) a(st) = (as)t,

(2) al =a,
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(3) a<b, s<t=as<bt.

A left S-poset can be defined similarly. We only consider right S-posets
in the paper, and the word “right” will be omitted. Homomorphisms
of S-posets are order-preserving mappings which also preserve the S-
action. An S-subposet of an S-poset A is an action-closed subset of A
whose partial order is the restriction of the order of A.

A preorder on a set A is a reflexive, transitive binary relation on A
(see [1]). A preorder < on an S-poset A is compatible if x <y in A then
xs < ys for any s € S. Similar to [2], we give the notions of an a-chain
in a pomonoid S and of a right order congruence on S. Let « be a right
compatible preorder on S. For elements a, a’ € S, an a-chain from a to
a’ is a sequence of the form

agalaa’lgagaaég---ganaailga',

where each a;, a; € S. We write a < @’ if such a sequence exists.

[e%
The following lemma is obvious for an a-chain.

Lemma 1.1. Let (S, <) be a pomonoid, o a right compatible preorder
on S, and a, ', a” € S. Then the following statements hold.
(Ha<d=a<d,
(2) aaa'@a%a’,

B)a<d, d<d"=a<d.
(07 «

«

For a monoid S, a right congruence on S is an equivalence relation
on S which is right compatible with the multiplication of S.

Definition 1.2. (cf. [2]) Let S be a pomonoid. A right order congruence
o on S'is a congruence on the S-poset Sg, that is, o is a right congruence
on S, with the property that S/o can be equipped with a partial order
such that S/o is an S-poset and the canonical mapping S — S/o is an

S-poset homomorphism.
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The following corollaries follow immediately.

Corollary 1.3. (cf. [2]) Let S be a pomonoid and o a right compatible
preorder on S. Then the relation 8, defined on S by

st & s<t<s

g g

is a right order congruence on S, a suitable order relation on S/0, being
[5]90 < [t]ga & s5<t.
g

Furthermore, if 1 is any right order congruence on S such that o C n,
then 0, C 1 as well. 8, is called the right order congruence generated by

g.

Corollary 1.4. Let S be a pomonoid. Then an S-poset A is cyclic if
and only if there exists a right compatible preorder o on S such that

A= S5/0,, where 0, is the right order congruence generated by o.

Proof. Clearly S/6, is a cyclic S-poset. For the converse, if A is a cyclic
S-poset, then there exists a € A such that A = aS. Define a binary

relation on S by
o={(s, t) € Sx S |as<at}.

Obviously o is a right compatible preorder on S. Moreover, define a map
f:aS — S/0, by
flas) = [s]g, -

It is routine to check that f is an S-poset isomorphism. ]
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We are going to study the regular injectivity of cyclic S-posets by
using similar techniques as in [5]. First recall some basic definitions and
lemmas from [4].

An S-poset @ is regular injective if and only if for any S-subposet B
of an S-poset A, any S-poset homomorphism f : B — @), there exists an
S-poset homomorphism ¢ : A — @ extending f, i.e., g |p= f (compare
for example [3]).

For an S-poset A, an element § € A is said to be a zero element if
fs =0 for all s € S.

An S-subposet B of an S-poset A is called strongly convex if for any
a € A, b e B, a<bimplies that a € B. If for any S-poset A, all of
its S-subposets are strongly convex, then we call S completely strongly
convex.

In the following, .S will be a completely strongly convex pomonoid.
If K is a non-empty subset of S such that KS C K then K is called a
right ideal of S.

Lemma 1.5. ( [4]) Let S be a completely strongly convex pomonoid and
Q an S-poset with a zero. Then Q is reqular injective if and only if Q) is

reqular injective relative to all embeddings into cyclic S-posets.

Lemma 1.6. ( [4]) Every regular injective S-poset contains a zero.

2 Characterization

In this section, we will characterize a pomonoid S all of its cyclic S-posets
are regular injective by using right order congruences on S.
Similar to [5], we give the following notations on a pomonoid S. Let
K be a right ideal of S, s an element of S, u a right compatible preorder
on S, and 6, the right order congruence generated by .
Set
Ky, = {[K]o, € S/0u|k € K}

and o
K(s,0,) ={a € S|[sa]g, € Ky,}.
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Obviously X% is an S-subposet of the cyclic S-poset S/6,,.
By a routine check, we get the following lemma.

Lemma 2.1. Let 1, A be right compatible preorders on S, 0,,, 0y the right
order congruences generated by p, A, respectively, K a right ideal of S,
and g € S. Define a relation R(K,0,,0x,q) on S by

s R(K,04,0\,q) t < K(t,0,) C K(s,0,) and (gsa) < (qta) for all
A
ac K(t0,).

Then R(K,8,,0x,q) is a right compatible preorder on S.

Lemma 2.2. Let u, A be right compatible preorders on S, 0,0 the right
order congruences generated by p, \, respectively, K a right ideal of S,
and p,q € S. If (pm)0x(gm) for every [mly, € ?gu, then R(K, 0, 0y,
p) =R(K, 04, 0x, q).

Proof. Suppose that the given condition holds and sR(K, 6,,, 6, p)t. For
every a € K(t, 0,,), since [salg, , [taly, € Ky, , it follows that p(sa)frq(sa)
and p(ta)frq(ta) by hypothesis, and so

gsa = q(sa)f\p(sa) % p(ta)drg(ta) = gta.

This implies that R(K, 0,,, 05, p) C R(K, 0,, 0, ¢). Similarly we obtain
that R(K7 9#7 0)\7 Q) c R(Ka 9/17 0)\7 p) 0

Lemma 2.3. Let p, A be right compatible preorders on S, 0,0y the right
order congruences generated by p, \, respectively, K a right ideal of S,
andp € S. Set p=R(K,0,,0x,p). If [m]y, € K¢, then [mlg, € Ky, for
all [mlg, € Ko,
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Proof. Let [mlg, € Kg,. Then there exists k € K such that [m]g, = [k],.

So m < k and there exist c1,--- ,cs € S such that
p

m < cipey < -o-cso1pcs Sk

Now K being strongly convex follows that cs € K, and so [cs]g, € Fgu,
that is 1 € K(cs,0,). Furthermore, since cs—1pcs, 1 € K(cs—1,0,), we
get that [cs_1]s, € Kg,. Consequently, the p-chain indicates that [m]g, €
Ky . O

"

Now we are ready to give the main result of the paper. We charac-
terize a completely strongly convex pomonoid S all of its cyclic S-posets
are regular injective.

Theorem 2.4. Let S be a completely strongly convex pomonoid. Then
all cyclic S-posets are regular injective if and only if S has a left zero, and
for any right ideal K of S, the right order congruences 0,0, generated
by right compatible preorders p and A on S, respectively, and every S-
poset homomorphism f : F@H — S/0y, there exists an element g € S
such that

f([mlo,) = lalo, m,

for each [mlg, € F@u, and for s,t € S,
s R(K,0,,0x,q) t = (g5) < (qt)-

Proof. Necessity. Suppose that all cyclic S-posets are regular injective.
Then Sy is regular injective and so Sg has a zero by Lemma 1.6, which

is a left zero of S.
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Let K, 6, 0, f be as in the given conditions. Since S/ is regular
injective, there exists an S-poset homomorphism ¢ : S/6, — S/6) such

that the following diagram commutes.
Ky, - S/6,
f Jyg
S/0,
Then g([1]g,) = [pls, for some p € S and

9([mla,) = 9([1]g,)m = [ploym = f([m]o,)

for all [m]g, € f@u. Set p = R(K, 0,4, 0x, p). Then pis a right compatible
preorder on S by Lemma 2.1. Define « : F@p — S/0y by

a([mle,) = [plom

for any [m]g, € Ky ,- We claim that o is an S-poset homomorphism. [

Firstly we show that « is well-defined. Suppose that [m]g, = [n]y, €

ng. Then mf,n, and hence m < n < m. That is, there is a p-chain
PP

m < ajpag < - <ap1pag <n < bipby <o < bp_1pby <m
from m to m, where a;,b; € S. Therefore, by Lemma 1.1, we have

m<a <. <agq<n<b < <by <m.
p p p p P p

A
hS)

This implies that

[mlg, < lailg, < --- <l[ailo
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and then
[mle, = laila, = [bjla, = [nls,-

So [ailg,, [bjle, € Kp,- By Lemma 2.3, we have [as]g, € Kg, and then
1 € K(a;, 6,). Since ajpas, it follows that

(pa1l) = (pa1) § (paz) = (pazl),
by the definition of p. Similarly, we have

(pas) % (pas), -+, (pai-1) § (par), (pb1) % (pba2), -+, (pbp-1) % (pbn).
In addition,
m < a1 = (pm) < (pa1) = (pm) = (pai).
Thus we obtain that
(pm) < (par) <+ < (pn) < (pby) < -+ < (pm).

It turns out that (pm) § (pn) § (pm), that is,

[ploxm = [pmle, = [pnle, = [plo\n-

Consequently, « is well-defined.

Obviously, « preserves the S-action.

well-defined, there exist a1, as, -+ ,a; € S such that

Now suppose that [m]g, < [n]g,. Similar to the proof of a being

[mlg, < lailg, <--- <lai]s, < [n]y

P — p?
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and finally (pm) < (pn), which results in
A

[p]g)\m = [pm]GA < [pn]H/\ = [p]g)\n.

So « is order-preserving, and hence « is an S-poset homomorphism.

Since S/0) is regular injective, there exists an S-poset homomorphism
p: S/0, — S/0 such that the following diagram commutes.

F@p C S/Qp
@ 3B

S/0)
Then there exists an element ¢ € S such that 3([1]s,) = [qlg,. We will
show that f([m]s,) = [glg,m for every [m]y, € Kg,.

Assume that [m]g, = [n]g, € Ky,. By the proof of Theorem 14 in [5],

we obtain that m p n and n p m. This implies that m < n < m by Lemma
PP

1.1. Hence, [m]y, = [n]g,. So for [m]g, € Ky,, there exists k € K such
that [m]g, = [k]g,. It follows that [m]s, = [k]g,, and then [m]s, € Ky,
since [k]g, € Kg,. Now for every [m]g, € Kg,, we have

f([mla,) = [plo,m = a([mle,) = B(Imlo,) = B([Llg,m) = B([1]e,)m =

[Q]G,\m'

Now assume that s R(K, 6,, 05, q) t. Since [pm]s, = [gm]y,, it
follows that R(K, 0, 0x, q) = R(K, 0,, 0, p) = p by Lemma 2.2. So

sR(K, 0y, 0\, q)t = s < t=[s]
R(Kv 6}“ ekv Q)

OR(K, 04, 0y, @) <[t

OR(K, 04, 05, 0
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Therefore,

=2,
>
>
Vo)
@
=
)
A
~—
»

IA I

]9R<K, Ous Oy, @)

I
®

OR(K, 0, 0y, a)

OR(K, 64, 0y, a)

Il
®

OR(K, 04, 05, @)

[
,QQ
> =
S
h~)
N—
o~

and hence gs < ¢t as desired.
B

Sufficiency. Assume that S has a left zero. Then every S-poset
contains a zero element. Let S/0y, S/6, be cyclic S-posets, where 0y, 6,
are right order congruences generated by right compatible preorders w
and A on S, respectively. Note that for any S-subposet A of S/6,,, there
exists a right ideal

K ={acS|[dg, € A}

of S such that A = Fgu. Let f: ?gu — S/60) be an S-poset homomor-
phism. Then by hypothesis, there exists ¢ € S such that

for every [mlg, € Kg,, and
st = (g5) < (qt),

where n = R(K, 0,, 0\, q).
For each [s]g, € S/0,, define g : S/0,, — S/0 by

9([sle,) = ldle,s-

Suppose that [s]p, = [t]p,. Again by the proof of Theorem 14 in [5],
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we have snt and tns. So gqs < gt < gs by the hypothesis. Thus
PUREDY

g([s]%) = [q]9/\3 = [q]OAt = g([t]%)?

which indicate that g is well-defined.

Next we show that g is order-preserving. Assume that [s]y, < [t]s,-
Then s < t, and there exist aq,--- ,a, € S such that
B

s<ajpag < - < ap_1pan <t

Now ajpaz implies that a; < ag, i.e., [a1]g, < [az]s,
B

This results in ajnaz by the following reason. For any z € K (az,6,),
laoz]g, € F@H implies that [a1z]g, € Kg, since Kg, is strongly convex.
So K(as,6,) € K(a1,0,). Furthermore, for any « € K(ag,0,),

[l a1z = f([a12],) < f([azzls,) = [gloy a2

gives that (qaiz) < (qagx). Therefore, ajnay as required.
)

By the hypothesis, we have (ga;) < (qag). Similarly, we obtain that
)

(qa?)) < (qa4)7 Tty (qan—l) < (qan)~
A A

If s < ay, then (¢s) < (ga1), and so (gs) < (ga1). By similar steps, we
)
finally achieve that

(gs) < (qa1) < (qaz) < (gaz) <--- < (qt).
A A A A A

Therefore,
9([slo,) = laslo, < latlo, = g[tls,

result.

Consequently, S/0) is regular injective.
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Remark 2.5. Note that different from Theorem 14 in [5], where p and A
are supposed to be right congruences on the monoid S, in this paper, we
start from right compatible preorders, and result in that R(K, 6, 0, q)
is also a right compatible preorder, not necessarily a right congruence (see
Lemma 2.1 and compare with Lemma 12 in [5]). This leads to conditions
in Theorem which are different from those in the unordered case. Even
if we specialize such that every S-poset is equipped with the discrete
order as a partial order, u, A, R(K, 6,, 0y, ¢) in Theorem are still
not necessarily symmetric. In this sense, Theorem is a generalization of
Theorem 14 in [5].

As an application, we present an example of a completely strongly
convex pomonoid S all of its cyclic S-posets are regular injective.

Example 2.6. Let S = {0,1,e,b} be a semilattice with zero element 0,
identity 1, and multiplication eb = be = 0. Let (S, <) be the posemilattice
equipped with the natural order. Consider the category %, whose objects
are S-posets equipped with the natural partial order, i.e., for an S-poset
A, a,be A, a <b<s a=bs for some s € S, and homomorphisms are
S-poset homomorphisms. Then all S-posets in & are strongly convex.

For any S-poset homomorphism « : F@H — S/, where K is an ideal
of S, 0,0y are right order congruences generated by right compatible
preorders p and A on S, respectively. Similar to [5] Example 15, we
choose a suitable element ¢ corresponding to a by discussing all non-
trivial cases for the element e, and similarly for b.

Firstly, we have a([e]s,) = [0]g, or [e]g,-

Assume first that [1]g, ¢ Kg,. If [0]g, = [e]s, € K, then ¢ = b. If
[0]g, # [elg, € Kg, then g = b if [e]g, = [0]g,, otherwise ¢ = 1.
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If [1]g, € ?gu then ¢ = 1 if a([l]p,) = [1]g,, or ¢ = e if a([l]y,) =
[e]o, -

Suppose s R(K,0,,0x,q) t, s, t € S. It is easy to see that
K(anu) = S»

0,b} ifeéd K,
K(e,0,) = {003 #

S ifee K,
{0,e} ifbé K,

S ifbe K,

S ifl e K,
{0, e, b} ife, beK,
K(1,0,) = 1 {0, e} ifee K,

{0, b} if b e K,

{0} otherwise.
For example, if e ¢ K then K = {0} or {0,b}. Thus either F@H = {[0]o, }
or Kg, = {[0]g,, [blo, }- In both cases we have K (e,0,) = {0, b}.

Next we give the proof how the conditions of Theorem are satisfied for

g = b. What we need to show is that if s, ¢ € S fulfilling s R(K,0,,0,q) t
then one has (¢s) = (bs) < (bt) = (gt). Let’s prove under the following
A

cases.

Case 1. If s =0 or s = e then we always have bs = 0 < (bt).
A

Case 2. Assume that s = b.
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Ift=>bort=1then bs =b<b=(bt).

Ift=0o0rt=ethenbec K)\(t, 6,). One has b = (gsb) % (gtb) = 0.
But this means bs = b < 0 = bt.

Case 3. Assume tha):c s=1.

Ift=1o0rt=0>0then bs =b < b= (bt).

Ift=0ort=ec K then 1 é K(t,0,). One has b = (gs1) ; (qtl) =
0, which implies that bs = b < 0 = bt.

Ift=e¢ K then b € K(;,GM), and so b = (gsb) % (gtb) = 0. Again
we get that bs = b < 0 = bt.

Hence for g = b)\vve obtain that s R(K,0,,0x,q) t = (¢s) ; (qt) for
all s,t € S.

Similarly, by analyzing all the other possible cases of s and ¢ in S,
together with choosing suitable elements from K(t,6,), we obtain that
qs < qt for ¢ = 1,e. Therefore, we achieve that all cyclic S-posets are
regl/J\lar injective in the category € by the theorem in this work.
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